This work presents an attempt to apply the heat-balance integral approach to diffusion models with fading memories expressed by weakly singular kernels. It was demonstrated how the solution technique works with a general parabolic profile with unspecified exponent and resulting in closed-form solutions. The main steps are exemplified by solutions where the fading memory is represented by Volterra integrals and by a timefractional Riemann-Liouville derivative. The examples address only elastic (damping) effects as well cases where the viscous diffusivity should be taken into account. It was exemplified how a polynomial approximation could be applied thus avoiding problems in determination of the exponent of the general parabolic profile, but without freedom to optimize the final closed-form solution. In general, this is a new implementation of an old idea and related methods to new models and we hope the demonstrated technique could be useful in solutions of practical problems.
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Thus defining the diffusivity D as a transport coefficient we get the classical Fick (Fourier) equation (1) with unphysical infinite speed of propagation of the flux. The latter invokes for a damping function relating the model to the real processes in order to correct the unphysical eq. (1) . To be precise in our comments, we address problems concerning diffusion in short-times where the relaxation takes place; then at large times we may use eq.(1) correctly. In the diffusion of heat, the damping function was conceived by Cattaneo [2] through a Volterra type integral where the flux J and the relaxation (damping) function   , R x t are assumed to satisfy the constitutive equation [3]       0 , , ,
In homogeneous media, the damping function should be time-dependent and independent of the space co-ordinate. When the flux   i.e. an exponential function of the time t [5, 6, 7, 8] . This problem was considered for an approximate solution [9] by the method used in this article.
The present communication refers to a relaxation function expressed as a power-law kernel
. This leads to the following equation     (
The fractional order is 01   [10] and the elastic diffusivity e a  has a dimension   21 ms   . In fact, the right-hand side of is a fractional integral of the Riemann-Liouville sense [11] with respect to xx u , an approach commonly applied to model flows of viscoelastic fluids [12, 13, 14, 15, 16] , granular flow [17] or heat conduction with memory [18] . Hence, the diffusion equation with a memory term is
Here the fractional derivative is described in the Riemann-Liouville sense, namely,
The diffusion equations with fading memories represented by Voltera integrals are solved mainly by approximate analytical [19] or numerical methods [19, 20, 21, 22, 14] . The approximate solutions developed in this work utilizes a moment method known as "Heat-Balance Integral" (HBI) belonging to the family of the weighted residuals methods [23] . It was successfully applied to integer order evolution equations [24, 25] , as well as those where the relaxation function is presented by fractional-time derivatives such as: sub diffusion equations [26] [27] [28] [29] , transient flow models of viscoelastic fluids [30, 31] and recently to non-linear heat conduction with a fading Jeffrey's kernel [9] . The approach yields closedform solutions with clearly distinguished terms corresponding to the memory effects (short times) and long-time behaviour of the diffusion process.
Briefs on the HBI approach
The heat balance integral method [32, 33] suggests a finite depth of penetration   x . The core of HBI is the integration of both sides of the governing equation from
x to . Taking as example eq. (1) this approach provides
The integral is (5b) is termed heat-balance integral [32, 33] . The approach just demonstrated implies that the function   
The method through examples

Simple equations with elastic effects only
We start with a simple parabolic equation modelling rigid heat conductors with fading memory 
with initial and boundary conditions
Because the problem (6) is parabolic [14] , then the finite penetration depth   t  is an ad hoc correction of the basic inadequacy related to infinite speed as explained above. With this concept, we suggest a finite penetration depth  replacing the condition (7c,d) by   ,0
Applying the HBI approach to (6) with the Leibnitz rule to the left-side we read
The approximate profile [24, 27] is used. Applying the Goodman' boundary conditions, for any 0 n  we read the approximate profile as
. For seek of simplicity we assume
The memory integral in (6) 
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Following the methodology in the integration developed in [27, 29, 31] , the result of (12) can be written as 
Example 3:
A memory kernel incorporated in a fractional-time derivative Here, we refer to the fact that relaxation can be presented as a time-fractional derivative t D  (see eq.4b and eq.4c). Modelling a transient flow of a second-grade viscoelastic fluid, as example, we have a governing equation [12, 15, 31] which in diffusion form can be expressed as
Here,     is the kinematic viscosity of the fluid 2 ms   ;  is a viscoelastic parameter termed "the first normal stress modulus" [12, 22] . The operator t D  has a fractional time dimension 2 y     .
In the context of the theme of the present article, let us omit in (14) the viscous term in the righthand side. Hence, if only the elastic effect is taken into account, we have 
The integration of (15) over the penetration depth 
If the complete equation (14) is considered, then the HBI approach [31] results in
The fading memory term expressed by the fractional-time derivative is presented by the decaying ratio
is the Deborah number [30, 31] . The dimensionless ratio   
The elastic diffusivity decays in time with a rate     
Integral solution: How the elastic effects (the fading memory) decay in time?
The elastic penetration depth rate
The principle drawback of the integral method at issue is the singularity [32, 33] , referring to the infinite velocity of the penetration depth at 0 t  . If only the elastic penetration depth is considered, then using eq. (13b) we obtain , but the singularity at 0 t  still persists.
The approximate profile
The solutions about the penetration depth with the kernel   boundary conditions imposed on the penetration layer  for any 1 n  . In this context, the integral balance solutions do not specify the value of the exponent n . The approaches in the optimization of the approximate solutions with respect to the exponent n are discussed in the next section.
Optimization of the exponent
The classic approach in the heat-balance integral is to use either quadratic ( 2 n  ) or cubic ( 3 n  ) profiles [32, 33] . The problem with the unspecified exponent comes from the fact that the boundary conditions imposed by the heat-balance integral method are less than the number of coefficients of the parabolic profile to be specified. These conditions are satisfied for any value of n [24, 34, 35] . Therefore, additional constraints should be applied in order to determine the exponent. The common approach is to minimize the 
With (13a,b) we may express 0 n  , which is unphysical. This approach fails in determination of the optimal exponent when only the damping term relevant the elastic transport is considered. Besides, applying the approach of Myers [37] by
,, E n t e n t t     , the result is the same, i.e. 0 n  .
In order to be clear in the decisions we will demonstrate another method for determination of the optimal value of n because the heat-balance integral is a moment method of the family of the Galerkin's weighted residuals with a weight function equal to unity. Now we recall the general approach in the Galerkin' method as       
In (24) we use the simple fact that the HBI already established the form of the trial function, which has one unspecified coefficient (i.e. the exponent n ). Thus, the minimization of 
The trivial solution of (25) is 0 n  as in the case of (23). Therefore, both approaches failed and we have to decide what really we want. Recall, that the problem of the optimal exponent is crucial for the largetime solutions [34, 37] , while the damping term actually represents a very short time effects. To distinguish these effects in the determination of the optimal exponent we consider again Example 3 and the results developed in [30, 31] . Hence, we have a target to minimize the squared-error function   
It was established [30, 31] that the optimal exponent depends on the Deborah number (35) .That is, the shorter relaxation times, the larger exponents of the approximate profile and vice versa.
In the context of the optimization of the exponent n through minimization of (31), for instance, we may omit the damping function which reduces (31) 
This approach immediately leads to the problem considered in [36] and discussed in [34, 35] and [37] . In all these cases, the goal is to minimize the error of approximation of the solution at large times. Following the analysis carried out so far, we may suggest that the optimal exponent should be defined through the reduced model where the damping function is omitted. Then, with this optimal exponent we may go back and express the approximate profile including both the viscous and the damping (relaxation effects). same as that expressed by eq. (21a,b) with only differences in the numerical pre-factors strongly dependent on the choice of the approximating function. The solved example clearly shows how the HBI method works with a polynomial profile but the accuracy of approximation, at a given  , is predetermined in contrast to the general parabolic profile where the optimization with respect the exponent n should be done. On the other hand, the polynomial profile avoids the problem emerging in the determination of the unspecified exponent, which could be considers as a benefit or a drawback, strongly depending on the target: easy solution without cumbersome calculations or predetermined error of approximation without freedom for optimization, respectively.
Conclusions
This work presented an attempt to apply the heat-balance integral approach to diffusion models with fading memories with weakly singular kernels. It was shown how the approach works with fading terms as Volterra integrals and approximation by a general parabolic profile with unspecified exponent, and the main problem emerging in the solutions with and without viscous diffusion terms in the governing equations. Moreover, the use of a polynomial (quadratic) profile was clearly exemplified with comments of the benefits and drawbacks of this approximation. In general, this is a new implementation of an old idea and related methods to new models and we hope the demonstrated technique could be useful in solutions of particle problems.
